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S :4 “us—( o hav\ 1»'\, (ov\uo\ei Vkp+ e MU’:JU

ol o \mdo +<$ph\'0 s Congenved
AnSwU\ To a'\éwu-, +k\5 aLuchnov\ le\L look a+ the

u\U\o tga lo'L o MoLwr\, o‘(' a prlc o(» Mmass

»Q wndey & position, dependand force:
M = F(x>

AQ&\"\ W\MH\.‘)lOv\O W Oicus

mX = F)% > d (mx >—.~ Flx)x

2

Now |et V(’") be d_c-(l"\ecl LO the ec{/m%'\/

LF(A : ~év(xj

| dx.
A\'l'ul'\a#ivelo we Caq de(:‘v\(’, \/(x) as

o)== [l vt j T ds

%
Feq ahBi‘rhah.lO choseq .
Theq we have =
Fl) %z -4V i = -4 vix) UJ /\ulﬂ
dx dt

ﬂ\bﬁc-(e’wc we ou'ai'\,

d o 2 vz -
ﬂ(ﬂfJ' ()> 0

0

4 E =D
at
whene

E: _N%Z+V(x)} (3)




Defn” The Polo\-h‘a\ ond consenvation, of A4y
The rv\amHO —;:w\%z s the _\Qv\gir_(o_g\yo(]'
of +he gahl—ro(c
y(x) LQ/» definihon, the _{olfmjrmo ¢ Jed'

04 the panticle e +he_potenia
e F(X) defiqed LO —+

dV = - F(=
Eﬁ F(>}

_F; s (a(\cc{ the }_1000, (.9‘: the M«\ U\”Ua)
Etv,«ﬁ-l(‘o’b

dE=-=0

n

ex hesses g/e_JJvaerr\. o-LMMJG__ {' the
pM icle  wheat

£-mx +vix)
p
Note +hat if y(x) is a poteatial P F(l),

e vix) gatisfues

F(x)= -d\/
thea \/(% = \/(x) +C 15 also a oteahal
ty Fx) 4 MO ah\;d-w\o toskant €.

Th o-t Jna‘ V(ﬂ) § detined
\A?s r\(zrl\ls p 'u’\\MO e;\vm \ WLe



Egaﬁplgg 1{: PO‘"('\"’l\Ok .

« Unidorm Gﬂ.@l’ﬁo}

\\( X NS vbﬂ-ical and  dinecked u?wMAS,

(onvenjent do choose C=0  Theq,

mc) MO')C

So -H\( o*eML\a C'\U\\O of & tj(omdg(%u»va]!dd

Po*(v\ha\\ o—‘ uv\\{O’\"\ havi
wheq o 15 0q dhe Ohoud



' A Bodofﬂpﬁ_i’_\é

le\h(o&c,
[
v(x) - g Fx) d
= K rxdt
g
- K 4C
2

FoA & ahti%/w\o corstand C.

Aqa.‘/\ i w/\vc»\(cml b choose C=0. Theq

v ()= u" {

(MA J«ke ¢ as«‘w mm o-( +kt Sphi
wva U\H th po(— ’\dkt Lo

po-‘ i «(—oﬁc& F l( s 0 wr%

Mdh 0 dPM s ULM 1“-5 r\a“u\ha \(»U“\




. /\}cw-l»owr\iar\ qha\/{ia i

Tl‘.t '\LW'LOW ha\/I{»a-(-aJ(Loaa' C aH/\aeL
Loa, b&me{qubool\es of Magfﬁw\(‘ a(:&

mass M s

P G

L

wl«/\e ts +he qhawl»awllo'\a{ Cm\h(an{' aﬂdh 1S
the dislance bedweeq +he magqes.

)

—" -

Led *

¢« M be the mass of 4he eanth.

©m be the mass of anothe ¢Pkw.ul\0

f'\,r/\b\lhw bod
. [ ‘\"]_o W Qws H\al' a<§e< Hhrowqh LU\W
of Eorbh ond i diseched or\ Ednz\;

‘H\C Bod()

Esath

Ohavu‘(‘a-tlo/\a ‘(o'\(,(. ac-LtQj on +he Lod(] K

\\IU\

F-QA»A
X}‘
Heace
V(*):'fl:(%7o\t
-G@MM 4 C
L8

H we choose (=0, then
Vie) = - ma
x

This choice co/\hes nds o 0 1Lc Lml e f,.[,
'H\(, boAQ W C'\ l‘(' gg‘(d/\, awo o "l'\' ’\n'> (U
A\

kom tHY earth.

Noke alio hat v(%) r\cdi@b f o v\ODOO.

noth whon '+ otintla
10215:\510 frb(ﬂo h O W "\Pjr(l'l UZU@‘
The k"\C{"C MU@O oot be MOML%
The oerLwl en dﬁo}a& well as hal eﬂ(}\O”

Can L( Aggafhvb




Exam.Plc gb m b - (f’\ojﬂo'\, under um{-wm
Ohav%—})‘

(ov\s\o\ \/01—(%*[ *‘\o“wv\, o\( /3 Paﬂ,-lqc[e o—(: Mass
"\/ undeh +he 06‘(0«, o-(i the (Am-(eﬁw\ Ohawt]
L.

“X?OSC ‘H\ﬂ LAY '}\al pM-Lc[(, t$ o‘l’ pos ‘IO'\ Xo
kas Veoo Vo > ’1\( Co-84 |/\4( X axig
s verhieal aid o(\hcc\Lco( wal\dg)

Nt (LY uﬁc the c'\MOQ\ cov\sv)\la-ho.\, h '(\d

cxo Fhe tuqhesi oM-\— of the
ka\)tcjce‘yo +kc p Fele.

‘L(k) ¢ \l« -67

t g

0

We have
E\ “‘_._."'\Voz+ x
(’,20 9 WG 0

dince MOO—’\S 4 ums-LaH o,_ﬁ w\ol’f%
e(t)= elo)

“ (€) +mgul) - B g

ot portic
v(t*)=0
Theke
E(t*) - E(o) ’—5-} »’\OX(H‘> = ml_\ﬁ,z + i

{ W n'\-"n T (A’o’\ ot {=t¥
A Q/e(oolo ) ha\)b. U

S «() = xod Vo
H



d-6 Using enen Cof\‘smw-hov\, b 5o|vc
ei"ua 1018 Aotion,-

The u\u\m oivu\ bo
£~ mnxt + V()
2
$ & constant and s value can be {ound

1’-’10"\ im’hal cond "\Ll'of\s.
Tku\ 1.4 {ollows ‘(/ww\ -”\( ev\a%\o/\ ‘\(;’ﬁ E -H\a-}—

|
= t{2(E-v(m 1




lv\ phl"\aplt 4 we b\m V(’(f (PO"C"‘I'MO, we
can Lvaluajre +he m-‘cdlu(

This M‘l’I\oJMLCS a coqs"an‘ o—F n dhr‘(m\) C and
the MsuHu wr\, ceq be a/\VM’reJ Jﬂ>

the Lqwa
p\vc the pogho»\, of +he PM‘(’:G(C as o ‘(unc(’wn\,o{
ML x (¢).

The +W0 Cor\?‘(’dv\“'s “ infe /u"w'\, Eand C will
arfuﬁ in +his '\Cur\c Lo, wluck w:“ descabe al{
’)O%LL [/ Mo"(MS 04‘ the PM‘{'I Glt conse '\(‘ with,

qu force F(x).



EXaMp(c PgoLlcn\ (a boJO attached b a
.S‘”n'\d

Consides a Pa/rl’icl(, of mass M 'V\OV""O unden the,
aci-w»\, «éo‘xce

F(-x.):-kx.
Equation of motoy, is
Mm% = ~Ko
The OU\U\A\ solution is
2 (9= ¢ sinlwb) + eonlet), (%)
N:\/—_Kj ¢ and ¢ ake ml»‘wo coshonts.
"

But we cof wse +he method descaibed
9’1&\/'0%10 'S\s 0L+m/1 a 80“440'\,

V(")ZJS_J& ~ E:g\gﬂt ko
=

>«x, +/zE m

=) t4C = +/
/zrm
Let OUL\/;% Then /%}Edo =dx
t4C = gﬁnj tel=t ﬁ(‘-K z
> t4¢=4 J
ék*cztf%f%jﬁ(n{“
= = d
D t+c ifgfﬁ%{

2 = m gacsin (J>

:7 tE4(: [m a/wcgir\(x _L>
2E

;:> i\/&\:(f"'() = 0/1(5"'\<7(. X >
M 2E



So we 04 8 Ge’\ehal ol *

<9 -2 [ 7 (¢ )
e‘:@ = Asir\Q;\{t + {50> (x2)

where A and QS ohe arbilrony constants,

E%Md(’w,\’s (-i(\) and *L) 0L Lo“‘ OC'\UM(
solubions b mx = k=

EGLVW"W»\, (‘k')—) Caq LL W’“‘“’C'\. L ‘{"'ﬁ'\ (*\) L’ﬁ

usmo .Si’\("dq) : él'f\(t)COSO + (05ASiq ((’)



6-'-9 Using enndy b desoibe mokig, T,ua,.‘t#-
ow,lo

331 Qualitabive ov\aldsis of motio)"

Cil\s:'db\"al PM\Lic':l, 0\(4 »’\ass(-r'\ w\?(vir\ {:\ OLF
staanaht ling  un he @ction, of a V4orce
with Opokm[a‘a[ V(*Y-\

”' Fahng ou* H\d Mana ’ﬁaLMﬁ Mﬁé&t ‘
A b d‘cimd Lhom He _Ahaph of pottatia
U\UUJ Vie). pal

Recall

_d_\/(x,) : -F (oc)
dx

So_fmce 1§ the minus slope of the Ozaﬁ‘\\’(*)



OLsQ/wa\Ll'ogs

e |f v'(2)y0 thea the ,foﬁ(,( aching o4 +he
parkicle ok point oo is negabive; rc .
d:hec('wm_o(» {oﬁu 1§ _prosdg he(a-(—\vc,
the x_axig.

TR (%)( 0 then +he ,,[o‘xc( ac\lu\a oA +he
pa/\hc[t. o 014 (’ Xo (S KOSJWO 1-0.

_d_‘ﬁ..‘_(‘ho_’x——ﬁ‘( L (s l'\, the some dinection
as that of 4he A_6Xis

'&v\c(, E 2_71\3';1-\— V(x) 15 & cor\S-LM“’ o-@ Moi'lé,\,

(w‘\ogg Va\u(, 18 de('t/w\meo\ BQ lmLML( Cor\a "10'15
‘('Oﬂ X, 7(, ) we (,o/\c,\ucl(, +k \/"C <r
‘ﬂul means +he gah\L:oc whose dot al t'\dxd

" anno Du a"' Pou'\l; % Sucl\,
H\a Vv

(1.c. pomk of % for ujl(/"\ Oﬁ"x {0 e

s above the line 0



duﬂ)oSC ‘H\a-l /\apk o-len-lm( ent ha$
ou[ W\GY» um of‘)(f.) a af\d WCG( W\a'/\;‘\““'\b
a-‘— r=b.

'ro‘l'a\ e E of the Ml’tclc 1S A Mﬂ'.njrcc’
EO dasl\:ié koha&inlml lof\cf U

Led %o Vo be jqdial positioq akdicle ond inihal
Ve ou‘o of the PM“""(C O}P

e(Case 1. E >\/U\)

!‘*o—.—.__._.,__,_,‘__

|
|
-'— lﬁ >
FLO o FYO b Flo {(

A(w\o\u o Hhs Q/\ h and ows ost\VML\or\s,
g_/)iw Caﬂt\o b “i posP‘-to\, X> X x ¥

(0~> ‘(' < the th\( will move | 34‘\( ';oshva
A dnhccho'\) w\f( \/c\m V(t) x(t be(ow\do

PM#.J{, u\l x,(a 9 +he .Fa«q ocks e
OWOSF"O H.X7% 104 h \/elout) de(g!(/\w‘-\fo

"9’) 0‘(9(45 +he -Foﬁ((, aC‘l‘S i1 Same di MJW\,
4o \/6(006 kc'\c,( bodo |S dculgla«‘mz

« Jen bl x¥, the -gu'uc( acls i1 0 Poso

dinechio b \/Cloob hence Bodo s dece|ea-
aJnAO

o For wex¥, V&\odb s noq-§eho becanse
V= z(E-V(xD,’V\
and E)V(x) v w Lo
v A x o v oc.lo of +he pankide ie O becaust
VIS fl(Ew(x))l"\

amd ( 1 ,f..& o =¥

Pom* s &9 x¥ s Y\W\QMO anJ
v\ \vt, / V(8 so Mh e will 4»/11"
n«\ in +ke n alwe dlh(bLlM) the X ax15

a/\d W\\\ ktb‘) Mo r\d 40 OO(M‘(M.U
L)wg wl\l .Sao Pa/\inc[g CSc«r(\s b oo"

Defa Ponks ot which velocik changes dinechion b
the oppos'«‘c oht Called &Amf pom#s a(. motion,

(j\((lnvlc 1N Cagl 1 x: Y 1§ a -"uhnirv Pom“

(9 L V<0 dhe panticle wil Cor\‘rvquc% Move.
i\ The ntgative dihection of +he - ax\s, and
(V(f\\—ma\\o (,Stﬂtrt_ “’b w—(nmﬂ



e Case 22 V(b) (B <V (a)

\01\ 0:\’(“’)
v(a)

=&

-

Acending & +his ha.rl\, +he pM-h‘o‘c car\no{ beat
Po.‘mls Oy g oA at xe (%)

I+ coq ethey mpve in +he interval ('00, x»‘} 1
in +he intenval ["1;“3].

(@) ¥ a0yl o +hen dependim on dineckon of
iqitHal veloo b\)(kcp pa e W'l\ tthen
onkiqut o MoV i1 +he Aeqative du‘hcc{-{o/\, of +he
% axigé':l Move %w«h,}gu"-kt ‘!’\AAM"U oMI’
X and  theq back.

1‘7 in both cases 4 vall ucardo 00

(b) W xp<modny

£ Vn>01‘“\€ Pah-kc\( will Move dowands the -‘uhn;'d
point xq whehe the  dineckion, of +he vcloa\ll‘
is hevensed, and +heq back towands the obh

hl\m‘v\d PoMJr X, .

A\' ‘X-)_, +he dihw‘io»‘\ o{» the V&\odb tha (&4 (’0
the ovposfjn \Su‘or\ ar\o( .s‘a/r(-g Mo 1'1\0 "’bww‘\ds X, .

And this "'\o-‘w will hcpu\l i-l—(glf t‘nA&(ﬁ\a(’el.,
Thus 4he rv\oJf{o;\, o;€ he pa/ﬁiclc ($ P%u’od(c(]

)">ﬂ\\S 1 0/\ CXM\P\: o-f {1‘!\46 w\olﬂb»\‘ |;c
all £>0, »\o-ho'\ 0CCUhS 11 & «F.‘r\.‘h inteava
of the x-axs.

14 Vol 0" the w\ola‘w\ (% 1/“““‘{“’"'0 the same



FeA cage 2. Pup‘oa\ 4 'v\o“o'\, can be dcwt(/mmcé
as -(«,“owsl

Finst huall +had {4 a piveq, value of E, the veloc
r"n 1 be -fvw\d u\gi'v Hhe -fe‘y’\u,a

%= % [2(E-VE)|m (%3)

Tl\e'\ we consides the pv\ol—(or\, o.( the pa/nkclc _{Aow\
point %, b .

wWe assume that ab dime &, panticle (s of Poiﬂ’
P8y p & ‘725 = Xq_> )

Since %y is +he funaing point of motion, +he
PM-‘n‘ole,s vz[oc.ﬁ s dj. 0.

‘}.(tz) = 0.
ﬂ\( -(:VS(( \$ Pogliwt,. So Pa/yh‘c\t m“ S“'M‘f

:lovi(\‘g) .:,.‘Jm 4he \/oloo&) Ombo the + 57 .
3] .
%= 2 EV)Im (+)

(ﬂ\c p(uS S«‘dr\ Wa s cl\osu\ because +he poaticle 13
{v\o)\/in «fI\oW\ ’)omlr ¥, to Ly, +he ve,loa (s Pog,‘{-
We) .

Suppoce +hat 4wl ARG, BARIVL ot roin‘i‘ %,
at ?goa\e laiu\ time €$7 e . 3(((:& = X3,

Altey il heaches xgy it will Stast w\ov;r\o back with
H\( ve\od H\a{» has CXao“o +kc Came Ml(a/wLJc
\JW\ oppo‘» Ja’h(o‘io'\, ond a-“tll awL \e ) w.[\

heach ;.

dinct +he maqnidunde 0-( the VelouRi (s 4he Veoue
Mf?tc‘kﬁg whether fhe EMJ:‘(]( o V& Kmv\/v
Xy b %y o Xy t0 Xy, i will ake the Some dime
I:s_i* hﬂﬂ’_‘,ﬁ&"\ 2t X and Ag 10 Xy

Henct Hime peniod T s w| h twice the time
Actded to Mmove -‘Aow\ . 2% hu}%! e .

T= 1(64, - ‘i} .

Sepenahion, of vaniables in e v\(‘“x) and inkegration
dic?,ld the {otmula fr T ! (d

They 4he Same r/\o-“o\, will hopcal' Q&aw\ ond ada.'q.

5 ("
jd{; B J A‘L
v ) (e [m
R N

N




e (ase 3. E =\/(6\)

\01\ 0:\/(*’)
=v(a)
g eVl | o

|
|
v
:

V(b) """ E """ |
JE S
o b ¥ x

@

)

1 a¢xo<¥ s +hen depending on dikeckoq of

indial vdoc@ the Paln‘.clt Q«H conkiaue fo wmove
in +he ne (ve dl/\to"w/\' o € - 0)(\5 (\/0<0

towards +kt Poaﬂ o—‘ loca May: mu (X4 &
"\OVE +owords huw poirt o ?vm anol thes_
boc

\V\ bo@\ eases, ik will be o«anoaokmO he poM

Nok -lrka" \/(1) hag o loa\ N\a)(m\w'] al x-a, e
V(=0 or\o\ force 15 0 ot

I{ 4+he pahhct WOS a+ oin ,d» would kavc,
ho acu(malno'\, F(x ov\d Q \/c!.q% F V
heace 1+ wonld _hemain +50A( eVeh

|+ hu\v\s ou* e oM'l ol(, ml\ N\ A heach s
point. [+ will r\mf infinde, fime {0 phot.

To show 4his, we coqsider mothaq of +he Pah‘icfc,
neas the pom-k L.

Jo we Mcu.y\e ‘l’kdl V°<O ('-k,\,./qj\dg x- q) 01\4
Mﬂo_h‘ (s close fo x=a, e

Yo-& 15 Seall
Foy small x-a, we ex ar\(l the po‘en-(wal ene
V(x-\ mhj}Q o) SUNZ oboul +he Poer %,g
and h(f‘m/\ 6 the +ind Q +eAmg
V(x)%V(ﬂ) ) '() 4 (x—a)\! ()
)=
dince x-=a 16 +he POM"’ 4‘ (DCA( w\a)(lrf\uﬂ\o'( V(’Q

it (—ah54 denivativ, vanishes at s point v'(a)=0
ond v'(2)<0 . Heqee

vix) & via)_y bea)
L
whtae 2= -v'(a)>0.

kgI'\CC wa"\d( 15 w\ow v\ /\(OW"\V(, x’L dnl\(o"’\o/\,

wt have

ve —2AeVE)[A v-—-\,/g\ (x-)
':> V:-\/}E\ (x~a)

60\VMO vix: - [k (x—a>

et foned oﬁd%w\OD E) we shtam
lfx(t%a—t (xo-a)e:ﬂ‘;t (K)
Evio\m%b, x(£)>a o {inde £50 and
2(t) = a a5 £y 00

"é L& and Vo LO [ 4he M—llbl( wnu U"\\lV\l&
Moving ia e f\eda-lwe Jlxcc(‘tw\, o-F the y-ax1¢
and " will eseope iy .\\{:’

4 r g and Vo)0, the ankicle ml( MoV
fowands x=a Wl\cr\ nL L$ &v\leaer\“ close -(1) @,

s Mo“to\, \S ﬂghoX:g atelt decchibed bd (*S‘)
x(t)= a4 ("Co“")c "

o il’ W‘ll NCVLA hwck X:=0



332 Ew\i\m\w\joiv\k and +hein S—latimn__

0AL Uu"f’u‘u' (al% Colled s-‘a-(-w

————————

oteanial ¢ (*
pote T—[_'\UUO VQ 21'(«») —~

and H\(hc AL ¢4 aC'li on +he M"i(.l(
ot +hese pjn\lé "tf:ﬁO_ '\o " P

Hev\q i«‘ i'\;hallo e ?M-hclc 18 oL Méjr a\L
a/\g‘ o{— +hese Po\‘v\‘kl i w]l\ huv\airl 'H\c/,(_ —FH

VY,

The Poin‘_«&;_a ond x:b in +he phevious @Aaphs
M(Q-Pzﬁs oQ Ao

. Equilibpium

| x(O)*—&} %x(0)= 0 and V|(G)SO then

—_—

the q/vqu\, of Mmotion),
M = -V (x)
has a Cor\s«lam‘ 6olul(or\, x(k): o fon allE>0

Such points aaty talled equ:l.;bl\iw\_?gs;hg'.\,(m
é?ﬂ\plof_ w‘(ibm‘a> of the particle




Now led oX be o e uilibrjum  poind of v(x)
0-( o PM“fc[e M a Pojl;n‘({a, V('Ks),

Suppose fhet the inidial posih'm\, s slig b\
p tubed «f&ov\ e stade o-‘ hest ot HhYs yn'&,
¢

e
x(0) = ¥4 6, x(0): ¢

where & ¢ me swmall Ths paskicle will
st b move and there ane 2 possibilidies

Defn: s&«k:l.-la

'ﬂ?(, P(A‘LMLQA MO"('M\, 0‘( J“ﬂi’iclc wu” f\(w;\,
close 4o egyilibaium o4 all £>0 |
W 4hs 15 So foh all small punkbq-limé, (l'b.{vﬁ

all &V\a[\ g and E,). the C%M”ibbfuw\ s Said b
be shable

The pertubed Pa/nlfole, will myve awoop.fqmlm
¢ ui\\‘th\'wv\.

I+ Fheye a“(a(,& ont \Smal\ P%‘uh“ﬂo»\(o{-
inikial Posihw\ Ve od‘n) such that the
Mlt‘clb Moves away faem +he e%wl»'bhim.*h(»\

Ilus (qwkbh{um s alled wntable



ﬂtharkf 6\\ow'\ vaioué‘o has A C1Wtbhi“m
" ) ot x:b 1) of x-0

) H owe shahtly perduab the equibbrium of the
N¢aA > ?Mhd( ;‘g_.é_b, the PM\‘\'(}‘C w.“ o;c\il\‘fh ACoA
X=by  4his uLw'L'Lh]un\,clo, i will Atmaiq close 4o i

To see 4his Suppose

- The PMHC‘L © to(al’c.d at [’°"‘1L x>b.
dinte X=b (s +he '{o(Al m‘r\iw\u»\; V/ we
oLQulVQ,I

V()0 D Fl©) 2o fug x5b

¢o “‘%CC 5 dinected Jowands c‘l“"l"“i“w
and  will MoVe back Howards it

’ SSV\.\M\ ;( ;'\:LM\\Q PQ}AK\O(A PM‘“C‘( 1 ‘o(—

ated ot _poind €6 they
Vid)eo S F(x)>0 Joa x<h
ﬂ\i'\ $o HA aqj:ffl -Foﬁcc (s o\il\(c‘l'!o\ (\»wakak

+he (Iuil(\)hiu and pMidL il MoVt back

%WM\J A,

Thus %= b s @ ,ﬁau( _gf‘uihbhiu"‘_

o \oed Vi
V(ﬂ)LD\ é F‘(xko
F'x)y0 x=b

Tﬂ\ms L&‘A.\l\.l’/\;u"'\ 1 &L&L(c i—g' B S a(lb_Ql T
w\;m’w\“:,\ 04(: vix -e.

V' (%) L0
Lo-@ the ulml.bh.‘u»'\ o




?.) H we sliahtly perduab fhe equikbrium of the
nee Pa/,‘lfclc 20, the pa/zhc\c wll move awly fam_
X=he  Hhis utw'tbhiu»\l,ulb, i will ¢S Capt o 00 A move

toword P"""“ b To see +his

- The PMHL[& (3 lo(a{'LA ab ft:iﬂl» L«Ld o

dince x=a (s +he {otﬁl"\_ﬂ\_ﬁv\m; V, we
OLGMV(,:

V'(:L)LO =) F(’O)O fon x>a
do 'f—ustt 15 dfhwlga aw (ﬁo»\ Q‘LW'L‘“"“%
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